We show that there exists a correspondence between four dimensional gauge theories with simple groups and higher dimensional gauge theories at large N . As an example, we show that a four dimensional N =2 supersymmetric SU (N ) gauge theory, on the Higgs branch, has the same correlators as a five dimensional SU (N ) gauge theory in the limit of large N provided the couplings are appropriately rescaled. We show that our results can be applied to the AdS/CFT correspondence to derive correlators of five or more dimensional gauge theories from solutions of five dimensional supergravity in the large t'Hooft coupling limit.
I. INTRODUCTION
The idea that gauge theories in varying dimensions are intimately related has lead to new insights to our understanding of strongly coupled quantum field theories. One way to relate theories in differing dimensions is through the holographic AdS/CFT correspondence. Another way is to use the fact that one can trade dynamical degrees of freedom for additional dimensions. This result can be seen to be a simple consequence of effective field theory. If we consider a d + 1 dimensional theory and compactify one dimension, then at distance scales large compared to the compactification radius the theory will necessarily look d dimensional. The effects of the extra dimension are suppressed by powers of ER and can be taken into account by adding higher dimensional local operators when integrating out Kaluza-Klein states according to a matching procedure. Given these facts, one can see that it is possible to reverse engineer this process and actually build an extra dimension by adding the necessary states to the d dimensional action.
Recently, this idea has been implemented within the context of "moose" or "quiver" theories. These are theories whose gauge groups are chains of SU(N)'s which communicate to each other through matter in bi-fundamental representations. The authors of Refs. [1, 2] have shown that given a moose theory at some ultraviolet scale, symmetry breaking will naturally lead to a five dimensional SU(N) gauge theory at scales well below the symmetry breaking scale. That is to say, there is an approximate equivalence between Greens functions calculated in the four dimensional theory which include a tower of massive states, and Greens functions calculated in a five dimensional theory. This construction allows for sensible UV limits of theories which appear to be higher dimensional in the IR. See also Refs. [3, 4] for related ideas.
In this paper we extend this equivalence in the limit of large N. In particular we will show that there are entire classes of d dimensional theories with simple groups which, in the large N limit, have the same correlation functions as d + 1 dimensional theories. It would be a straightforward exercise to extend our results to construct d + n dimensional theories. We then apply this idea to the AdS/CFT correspondence, and show that it is possible to derive correlators in higher dimensional (d > 4) field theories from classical supergravity solutions in the background of spaces with stacks of separated D-3 branes.
The basic premise behind the generalization involves orbifolding field theories, which we briefly review in the next section. In Section III, we outline the construction of extra dimensions from lower dimensional field theories. The main part of the paper is contained in Section IV where we discuss a supersymmetric example. The procedure of generating additional dimensions provided several phenomenological applications [5] [6] [7] [8] [9] [10] [11] , but we do not attempt to apply our work to model building. In Section V, we work out an explicit example where the AdS/CFT correspondence can be utilized to calculate correlators in a five dimensional theory with sixteen supercharges.
II. ORBIFOLDING
In the large N limit it is possible to relate Greens functions for two disparate theories in a non-trivial fashion. In particular, it has been shown that planar diagrams of two theories related by orbifolding are identical when the gauge couplings are rescaled. Orbifolding a field theory [12] [13] [14] [15] entails removing a set of fields which are not invariant under certain discrete group transformations.
The orbifolding procedure works as follows. Consider a discrete group G, with Γ elements, embedded in an SU(ΓN) gauge theory. For each element of the discrete group form an N-fold copy of the regular representation γ a . With a convenient choice of basis, this entails placing d i N copies of each irreducible representation of G with dimension d i along the diagonal. This N-fold copy of the regular representation of G forms a ΓN × ΓN matrix, which is an element of SU(ΓN). The dimensionality works out because i (d i ) 2 = Γ. The fundamental F and adjoint A of the group therefore transform as
Orbifolding means that the "daughter theory" field content is obtained by keeping only fields invariant under the discrete transformation in Eq. (1). Moreover, the action is obtained from a "mother theory"action by setting to zero all terms that contain fields not invariant under such transformations. All terms in the action with fields removed by the orbifolding procedure are therefore discarded. For a more detailed description of the orbifolding procedure see Ref. [16] . To get a non-trivial orbifolding, i.e. one that does not lead to a daughter theory which is simply multiple copies of the mother, it is necessary to embed the discrete symmetry in global symmetry groups of the action, as we will see below.
It has been shown [15] , that the correlation functions of the daughter theory are identical to those of the mother theory up to the following rescaling of the couplings
Γ. This is a non-trivial result given that the loops of the mother theory incorporate fields which are not present in the daughter theory. The proof of the relation relies only on the fact that the leading order graphs in 1/N are planar. The correspondence is thus strictly true perturbatively. However, there is considerable evidence, especially in supersymmetric theories, that it works at the non-perturbative level as well [16] [17] [18] . Here we will utilize the orbifolding procedure to generate moose theories which, upon symmetry breaking, generate higher dimensional theories.
III. MOOSING
Consider a theory of Γ SU(N) gauge groups which are linked together by matter in the bi-fundamental representation. The theory may be depicted as in Figure 1 , with each circle representing a gauge group and each line representing a matter multiplet [19] . An arrow pointing into (out of) a gauge group corresponds to a matter multiplet transforming in the (anti)fundamental representation of that particular gauge group. The gauge symmetry is broken down to the diagonal subgroup at scale v, when the bi-fundamental fields get expectation values. The bi-fundamental field may be either fundamental scalars or fermionic bound states. We could represent them as linear or non-linear sigma models. In the following we will use the linear realization, so the Lagrangian of the moose configuration is
where we have omitted the potential for the matter fields which is necessary for giving vevs to those fields. The covariant derivatives are defined as
When all U's obtain diagonal vevs, U i = v1 +Û i , this action is exactly the latticized version of the action of a compact D + 1 dimensional SU(N) gauge theory of radius R = Γa and lattice spacings a = 1 gv
. The U's play the role of the link variable in the latticized new dimension.
At energy scales in the range gv/Γ << E << gv the theory looks like a D+1 dimensional continuum gauge theory. This may be thought of as essentially the reverse process of KaluzaKlein reduction. If we compactify a D + 1 dimensional theory on a flat background then the D dimensional action is just comprised of zero modes for the fields plus a tower of massive KK states with masses
The moose is simply a construct which naturally leads to a tower of states, which in the above energy range, and for large enough Γ, approximately reproduce the spectrum of KK modes. Indeed, if we diagonalize the mass matrix for the gauge bosons in Eq. (2), we find [1,2]
where −Γ/2 < n ≤ Γ/2. For n << Γ this approximates the above spectrum for the KK tower. Notice that the gauge coupling of the diagonal subgroup is given by 1 g
It is simple to see how the extra-dimensional phase space is generated once the sum over the KK tower is performed. Consider two particle phase space for the scattering of a zero mode:
where
n is the energy of the n-th KK mode. In flat space K-K number is conserved, thus both final states have the same masses. In the limit where Γ >> 1 we may replace the sum over KK modes by an integral such that
The second delta function in the first line enforces conservation of momentum in the extra dimension. This relation had to be true if the full exact KK tower were included, and is approximately true, up to power corrections, in the moose construction.
IV. EXTRA DIMENSIONS FROM SIMPLE GROUPS
We would now like to combine these two techniques in such a way that we may generate an extra dimension from theories which are simpler than mooses. In particular, we would like to show that at large N there are simple groups which, when Higgsed, generate extra dimensions. Here we will consider one simple supersymmetric example in four dimensions. In the supersymmetric case the role of the bi-fundamental field will be played by the scalar component of a chiral multiplet, but it is also possible to generate non-supersymmetric examples.
One might be concerned that the spontaneous symmetry breaking may destroy the simple relation between planar diagrams. It is important that the choice of the vev does not break the orbifold symmetry. This happens automatically if the fields which obtain vevs are those shared by the mother and daughter theories. Such fields transform trivially under the orbifold symmetry. The correspondence between orbifolded theories holds diagram by diagram. Given corresponding diagrams in unbroken phases, we can compare such diagrams in spontaneously broken phases. For the correspondence to go through in the broken phases of the theory we must impose the constraint that gv be the same in the two theories. That is,
This condition arises from that fact that, when the gauge fields are canonically normalized, an n particle interaction vertex must scale as g n−2 in order for the orbifold correspondence to hold [16] .
We begin with an N = 1 supersymmetric SU(ΓN) gauge theory with a chiral superfield A in the adjoint representation. In principle we could add a superpotential for the field A, which can be made consistent with planarity in the large N limit, but for simplicity we will set the superpotential to zero. Therefore this theory is equivalent to pure N = 2 SUSY Yang-Mills theory. In component form this theory has Lagrangian
where the gauge field and λ are components of the vector multiplet, while ψ and φ are components of the chiral multiplet A. This theory has an extensive moduli space parameterized by the set of holomorphic gauge invariant polynomials. The independent gauge invariants are powers of the adjoint: Tr(A i ), i = 2, . . . , ΓN. On the Coulomb branch the low energy effective action can be solved for up to higher derivative terms [20] . Here will be not be interested in the Coulomb branch but in the Higgs branch instead.
We consider orbifolding an SU(ΓN) by the discrete subgroup Z Γ . The gauge indices of all the multiplets will transform according to Eq. (1) under this orbifolding. In addition, we will embed the Z Γ discrete symmetry into a U(1) A global symmetry of the chiral superfield. The U(1) A rotates the adjoint matter field by a phase, so it is an "adjoint number" symmetry. This U(1) symmetry is anomalous with a Z 2ΓN subgroup preserved by instantons. We embed the "orbifold" symmetry Z Γ into the non-anomalous subgroup of U (1) A .
Under orbifolding the SU(ΓN) gauge group breaks up into the product group SU(N) Γ . There are Γ − 1 additional U(1) gauge symmetries preserved by the orbifolding. With our choice of matter content these U(1) symmetries will be anomalous, but do not contribute in the large N limit. The matter fields which are kept in the daughter theory are those which are invariant under the transformation
where r a is a pure phase, and has the effect of pushing the invariant fields to the right of the diagonal. Schematically, the orbifolding gives
where A i are the daughter theory bi-fundamentals transforming under neighbor SU(N) groups. In performing the orbifolding we have reduced the number of supersymmetries to four (we will regain supersymmetry in the low energy limit where the theory looks five dimensional). This is precisely the theory illustrated by the moose diagram shown in Figure  1 . The Seiberg-Witten curves for the Coulomb branch of this theory were derived in Ref. [21] . For our purposes we will choose a point on the moduli space corresponding to a partial Higgsing of the gauge group. Our choice of a points on the moduli space is such that, in the daughter theory, the bi-fundamental scalars each get equal expectation values. The corresponding vev in the mother theory is of the form
where each 1 represents an N × N identity matrix. This choice of vevs is part of the moduli space of both mother and daughter theories. In the daughter theory all vevs are aligned and proportional to the identity, so they are D-flat. They correspond to baryonic flat directions.
In the mother theory it is easy to check that A A † − A † A = 0, therefore all D terms vanish [22] .
Breaking the SU(ΓN) gauge symmetry with the vev of Eq. (11) leaves the mother theory with an SU(N) Γ gauge symmetry. It is easy to see the breaking pattern after diagonalizing the vev in the mother theory
where ω Γ = 1. In this new basis it is easy to read of the spectrum of the mother theory. The diagonal N × N blocks correspond to unbroken SU(N)
Γ , each with a massless adjoint superfield. In addition, there are Γ − 1 massless U(1) gauge bosons as well as Γ − 1 massless chiral superfields which are singlets under all the unbroken gauge groups. These fields do not contribute at the leading order in N. The off-diagonal N × N blocks correspond to massive vector superfields. The masses of the fields in different blocks are
The vev of Eq. (11) breaks the daughter theory to a diagonal SU(N) with a gauge coupling g 
Note that if we want to keep the masses fixed as we take the t'Hooft limit N → ∞ with g 2 N fixed, we need to simultaneously rescale the vevs and keep v 2 /N unchanged. From now on, we will assume that gv is held fixed in the large N limit. There are also Γ massless singlet chiral superfields, which are the parts of the link fields not eaten by the super-Higgs mechanism when breaking to the diagonal subgroup.
Comparing Eqs. (13) and (14) we obtain the same mass spectrum if v m = v d √ Γ, in concordance with our previous statement of the equality of gv in the two theories. In the interesting limit of k << Γ we get m k ≃ k (2πgv)/Γ. If we define the lattice spacing as a −1 = gv and the compactification radius as R = Γa, then we have correctly reproduced the KK tower for a compactified flat extra dimension. The pattern of orbifolding and symmetry breaking is shown in Figure 2 . In order to compare the correlators of the mother and daughter we need to identify the corresponding fields in the two theories. It is only for these shared fields that we can expect the equality of correlators. In the basis defined by Eq. (10) the correspondence between the fields is most transparent. The corresponding mother's and daughter's fields reside at the same positions. Vectors live on the diagonal blocks and scalars live on blocks above the diagonal. Since in the mother we changed the basis by diagonalizing vevs in Eq. (12), we need to perform the same transformation on all the fields.
Let us start with the massless gauge multiplet of the daughter theory. This multiplet, after the breaking of the SU(N) Γ → SU(N) diag symmetry, is a linear combination of all SU(N)
Γ fields with the same coefficient for each field. The corresponding field in the mother theory is the same linear combination of SU(N) Γ fields on the diagonal. For this special linear combination there is no change induced in going from basis defined by Eq. (11) to the one defined by Eq. (12) . The properly normalized linear combination of fields is
Therefore, the coupling of the diagonal subgroup is g/ √ Γ. As far as the massive multiplets are concerned each N × N block of the mother theory transforms as an adjoint under the diagonal subgroup since bi-fundamentals of SU(N) Γ transform as adjoints under the diagonal subgroup. With this identification we begin to see why the correlators are identical up to a rescaling. At each mass level of the mother theory there are Γ adjoints of the diagonal subgroup. However, each of the adjoints couples with the reduced coupling g/ √ Γ, so the two compensate. The rescaling of the coupling then compensates for the factor of √ Γ in the daughter theory coupling. In the large N limit, additional massless fields whose number does not grow with N become irrelevant. Since the spectra of the mother and daughter differ only by O(Γ) fields, these theories have identical behavior for large N.
The massive vector multiplets in the daughter, again, correspond in the mother theory to linear combinations of fields. At mass level k these are
in the daughter theory, as well as in the mother theory before diagonalizing the vev. When changing to the basis defined by Eq. (12) we need to appropriately transform this linear combination. It turns out that in the new basis the linear combinations no longer involves fields residing in the diagonal blocks, instead it involves all fields from blocks parallel to the diagonal. The linear combination includes vector fields from each N × N block with a given mass as displayed in Eq. (13) . For the chiral superfields the linear combinations have different coefficients than those for the vector fields with the same mass. However, in the basis with the diagonal vev the linear combination of scalars also involves all fields in the appropriate blocks parallel to the diagonal. This is, of course, expected since the vector and chiral multiplets must combine into irreducible massive vector multiplets. We can single out the diagonal subgroup of the mother theory, for which correlators look five dimensional, in several ways. First, we can impose a discrete symmetry that identifies Γ SU(N) factors. Alternatively, in the mother theory we can add a small diagonal vev with magnitude v ′ , which breaks SU(N) Γ to the diagonal. When v ′ ≪ v the splittings due to v ′ are negligible compared to the K-K splittings induced by v. Thus, we get Γ nearly degenerate adjoints of the diagonal subgroup at each mass level gv| sin(πk/Γ)|.
As we already mentioned, one can extend this construction to generate more dimensions by orbifolding a simple group. For example, an SU(Γ 2 N) theory with two adjoint chiral superfields can be orbifolded by a Z Γ × Z Γ discrete symmetry. We assign the transformation properties of the two chiral fields similar to Eq. (9), such that each of them picks a phase under one of Z Γ factors. The daughter theory resembles a two dimensional lattice, so with appropriate vevs both mother and daughter generate two extra dimensions.
For the daughter theory to look five dimensional we must restrict ourselves to the regime
Now we must ask, what does the mother theory look like at these energy scales? We would expect that at some scale, Λ m , the mother theory will get strong, and will most likely undergo a phase transition. However, the orbifold correspondence is blind to such effects. That is, the correspondence tells us that given the Greens function in the mother theory we can get the Greens functions in the daughter by simply making the replacement g m → g d / √ Γ, or vice versa. This statement is independent of scales. What does this mean in terms of our correspondence? It would seem that we are allowed to take the mother theory to be as weakly coupled or as strongly coupled as we wish and that in either case we can still equate its Greens functions with those of the 5-d theory. However, in order for the daughter theory to look five dimensional, we can only study energy scales with E >> gv d /Γ. We are free to take Γ to be as large as we wish, thus studying the theories at arbitrarily large distances. However, the four dimensional mother theory will get its coupling rescaled by 1/ √ Γ, so it will remain weak in the regime where the daughter looks five dimensional. This had better be the case since the five dimensional theory is weakly interacting in the IR. Indeed, the gauge interaction in five dimensions is irrelevant and the theory is IR free. In the context of the four dimensional theory this can be seen from the fact that as we lower the energy scale more and more KK modes are decoupling and thus the interaction is getting weaker. So the effective coupling will scale with EΓ/(gv), as one would expect for a compactified five dimensional theory.
V. GAUGE GRAVITY CORRESPONDENCE IN FIVE DIMENSIONS
Suppose we start with an SU(ΓN) mother theory which is N = 4 supersymmetric. By embedding the discrete orbifold group inside the SU(4) R symmetry we may relate the mother theory correlation functions to those of an N = 2 (or N = 1, 0) supersymmetric daughter theory. Given that the mother theory is finite and has vanishing beta function, the daughter theory must, in the large N limit, be finite as well. In this section, we will assume that the mother is orbifolded to an N = 2 daughter. We can achieve that by embedding Z Γ in the R symmetry with matrix diag(ω, ω * , 1, 1) acting on the fundamental representation of SU(4) R . The matter content of the daughter is composed of Γ vector multiplets and Γ bi-fundamental hyper-multiplets. In terms of the N = 2 multiplets, the theory has identical structure as the moose depicted in Figure 1 (with links now unoriented). Moving away from the origin of moduli space onto the Higgs branch we may moose the theory in the same way as in the example discussed above. The resulting five dimensional theory has 16 supercharges. The mother starts out as a superconformal theory, however going out on the Higgs branch maintains 16 supercharges. The daughter has eight supercharges and additional accidental supersymmetry at low energies.
In the following, we will outline how the AdS/CFT correspondence might be used to calculate correlators of five dimensional field theory. The AdS/CFT correspondence is com-monly used for field theories with large t'Hooft coupling. One might worry that the discussion of the spontaneous symmetry breaking is only applicable at weak coupling. However, in N = 4 theory all masses are related to the central charges of the supersymmetric algebra and are BPS saturated. Thus, the tree-level results are not renormalized and one obtains the same KK tower for any of the value of the gauge coupling.
The deformation onto the Higgs branch yields a non-trivial RG flow to an IR fixed point, which is reached once we integrate out all the KK modes. This scenario has an interesting interpretation in the AdS/CFT correspondence. Recall that the D3 brane metric in type IIB string theory is given by
with the x µ coordinates spanning the world-volume of the D brane and y i span R 6 . H is given by
where R 4 ≡ 4πg s α ′ N, r 2 = δ ij y i y j , and h = 1. Near r → 0, one approaches a non-singular horizon, and the space is locally AdS 5 × S 5 . Whereas, in the limit r → ∞ approaches 10 dimensional flat space.
The case of h = 0, which is AdS 5 ×S 5 for all r, is holographically described by the N = 4 super-conformal field theory, whereas the h = 1 case retains 16 supercharges but is no longer conformal. It flows in the IR (r → 0) to the h = 0 case. The h = 1 case has been conjectured to be dual to a super-conformal theory perturbed by a dimension eight operator [23, 24] . It turns out that this dimension eight operator is the most relevant operator induced by integrating out massive states in a Higgsed theory [24, 25] .
We wish to Higgs the SU(ΓN) mother theory, in the fashion described in the previous section. This may be accomplished by separating the stack of ΓN D3 branes, leaving the geometry
where N i are the number of D3 branes places at position a i in the transverse space, and
This solution breaks the SU(4) R symmetry but preserves the 16 supercharges. The a i correspond to the diagonal vevs of the six real adjoint scalars. The above brane configuration is only applicable at small values of the string coupling, so it is not apparent how to describe weakly coupled field theories this way.
Let us now consider the symmetry breaking pattern required for the moose constructions described in Eq. (12) . In this case there are only two linearly independent vevs of the real scalar adjoints. One of these fields has vevs proportional to the real parts of ω k , while the other to the imaginary parts, where k = 0, . . . , Γ − 1. This means that we can place all branes in just two transverse directions. In field theory this reflects the breaking of the SU(4) ∼ SO(6) R symmetry to SO(4). We pick out two of the transverse directions, say y 5 and y 6 and place Γ groups of N branes with coordinates
As might have been anticipated, the branes are arranged along the perimeter of a circle. Similar dualities of five dimensional field theories can be obtained from the orbifolds of the AdS × S 5 space, which were described in Refs. [12] [13] [14] [15] . The field theory dual of this brane construction corresponds, by orbifolding at large N, to a five-dimensional theory. While the four dimensional coupling does not run, the effective coupling, which accounts for the fact that as we flow into the IR more and more KK modes are decoupling, becomes weaker. This is consistent with the five dimensional interpretation of the theory, where the coupling is an irrelevant operator at the classical level.
The five-dimensional field theory interpretation only applies for energies in the range gv/Γ << E << gv. For the supergravity approximation in the AdS/CFT correspondence to be trustworthy, the AdS curvature scale must be small compared to the Planck scale. This corresponds to taking g m √ NΓ >> 1. The daughter's coupling is g m √ Γ, but for the five dimensional theory the relevant coupling is that of the diagonal subgroup. Therefore, the effective coupling in the five-dimensional theory is
The five-dimensional interpretation makes sense only for energies below the cut-off, that is in the region where the loop expansion parameter in the effective theory is less than one. Thus, the energy range must be restricted to
where the lower bound is equal to the mass of the lightest KK state. If g m √ NΓ < 4π then our AdS/CFT dual can be interpreted as a five-dimensional field theory in the full energy range gv/Γ << E << gv accessible to moose constructions. If the t'Hooft coupling is large g m √ NΓ > 4π then only part of that energy range remains below the cut-off. Of course, we cannot take the t'Hooft coupling to be too small or string corrections will become important. It is not difficult to generalize this construction to allow for a correspondence between AdS 5 and gauge theories of dimension higher than five. One needs to simply choose the appropriate D brane configurations in the bulk. It would be interesting to search for classical solutions in these non-trivial backgrounds to test the correspondence with higher dimensional field theories.
Note added: After completing this work we were made aware of Refs. [26, 27] which have considerable overlap with Section V.
